
VII.2 Algebraic Künneth formula and Universal

Coefficient theorem for homology

Algebraic Künneth formula

9. (Tensor product of chain complexes)
C, C ′ : chain complexes ⇒ C ⊗ C ′ :chain complex :

Define (C ⊗ C ′)n :=
n

⊕
p=0

(Cp ⊗ C ′n−p) and ∂ : (C ⊗ C ′)n → (C ⊗ C ′)n−1 by

∂(c⊗ c′) = ∂c⊗ c′ + (−1)pc⊗ ∂c′ for ∀c⊗ c′ ∈ Cp ⊗ C ′n−p
⇒ ∂2 = 0: clear. (∵ (−1)p−1∂c⊗ ∂c′ + (−1)p∂c⊗ ∂c′ = 0)

Want to compare H(C ⊗ C ′) and H(C)⊗H(C ′):
We have a well-defined canonical homomorphism i : H(C)⊗H(C ′)→ H(C⊗C ′)
given by Hp(C)⊗Hn−p(C

′)→ Hn(C ⊗ C
′).

{z} ⊗ {z′} 7→ {z ⊗ z′}
Check this is well-defined : (1) z, z ′: cycles ⇒ z ⊗ z′ is a cycle. (clear)

(2) (z+∂c)⊗z′ = z⊗z′+(∂c⊗z′) = z⊗z′+∂(c⊗z′)

10. Assume R : PID , C : free
Show algebraic Künneth :

Split chain complex C into two short exact sequences as usual :

(1)0→ Z
i
→ C

∂
→ B̄ → 0 (B̄p := Bp−1)

(2)0→ B
j
→ Z → H(C)→ 0

Start with tensoring (1) with C ′ to compute H(C ⊗ C ′).
Note B̄ ⊂ C is free and (1) is a splitting s.e.s.

(1)⇒ 0→ Z ⊗ C ′
i⊗1
→ C ⊗ C ′

∂⊗1
→ B̄ ⊗ C ′ → 0 : s.e.s.

(i.e., 0→ Zp ⊗ C ′n−p → Cp ⊗ C ′n−p → B̄p ⊗ C ′n−p → 0 : s.e.s.)

Here we view Z as a chain complex : → Zp
∂=0
→ Zp−1

∂=0
→ · · · and similarly for B̄.

Remark. f : C → C ′ and g : D → D′ : chain map
⇒ f ⊗ g : C ⊗ D → C ′ ⊗D′ : chain map

c⊗ d 7→ f(c)⊗ g(d)
(∂c⊗ d+ (−1)pc⊗ ∂d 7→ f(∂c)⊗ g(d) + (−1)pf(c)⊗ g(∂d)

= ∂f(c)⊗ g(d) + (−1)pf(c)⊗ ∂g(d))

1



Now Snake lemma =⇒
· · · → Hn(Z ⊗ C

′)→ Hn(C ⊗ C
′)→ Hn(B̄ ⊗ C

′)→ Hn−1(Z ⊗ C
′)→ · · ·

Show H(Z ⊗ C ′) = Z ⊗H(C ′) and H(B̄ ⊗ C ′) = B̄ ⊗H(C ′):

→ Zp
∂=0
→ Zp−1

∂=0
→ · · ·

⇒→ (Z ⊗ C ′)n
∂
→ (Z ⊗ C ′)n−1 → · · · is given by

· · · → Zp ⊗ C ′n−p
”∂”=(−1)p1⊗∂

−→ Zp ⊗ C ′n−p−1 → · · ·
z ⊗ c′ 7→ (−1)pz ⊗ ∂c′

= Zp ⊗ (· · · → C ′n−p
∂′=(−1)p∂
−→ C ′n−p−1 → · · · )

=

{
Zp ⊗ (1)′n−p
Zp ⊗ (2)′n−p

}
(Since Zp is free, Zp⊗ preserves s.e.s.)

⇒ Hn(Z ⊗ C
′) =

n

⊕
p=0

H(Zp ⊗ C
′
n−p)

∼=
n

⊕
p=0

Zp ⊗Hn−p(C
′) = (Z ⊗H(C ′))n

{z ⊗ z′} 7→ z ⊗ {z′}

Similarly, H(B̄ ⊗ C ′) = B̄ ⊗H(C ′)
{b⊗ z′} ↔ b⊗ {z′}

∴ · · ·
φn
→ (Z ⊗H(C ′))n → Hn(C ⊗ C

′)→ (B̄ ⊗H(C ′))n
φn−1
→ · · ·

z ⊗ {z′} 7→ {z ⊗ z′} (= (B ⊗H(C ′))n−1)

⇒ 0→ cokφn → Hn(C ⊗ C
′)→ kerφn−1 → 0,

where φn : (B ⊗H(C ′))n → (Z ⊗H(C ′))n

Now, (2)⇒ 0→ Bp
j
→ Zp → Hp(C)→ 0 : s.e.s.

⊗Hn−p(C′)
=⇒
Zp:free

0 → Tor(Hp(C
′), Hn−p(C

′)) → Bp ⊗ Hn−p(C
′) → Zp ⊗ Hn−p(C

′) →

Hp(C)⊗Hn−p(C
′)→ 0

∴ cokφn =
n

⊕
p=0

Hp(C)⊗Hn−p(C
′) and kerφn−1 =

n−1
⊕
p=0

Tor(Hp(C), Hn−p−1(C
′))

∴ 0→
n

⊕
p=0

Hp(C)⊗Hn−p(C
′)→ Hn(C ⊗ C

′)→
n−1
⊕
p=0

Tor(Hp(C), Hn−p−1(C
′))→ 0

{z} ⊗ {z′} 7→ {z ⊗ z′}
or 0→ (H(C)⊗H(C ′))n → Hn(C ⊗ C

′)→ (H(C) ∗H(C ′))n−1 → 0.
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Sequence splits if C and C ′ are free : Since B̄ is free,

0 // Z
i //

p²²

C
∃π³³

//

ψ=p·πxxpppppppppp B̄ // 0 ⇒ C ⊗ C ′
ψ⊗ψ′ // H(C)⊗H(C ′)

H(C) c⊗ c′
Â // {π(c)} ⊗ {π′(c′)}

,where again H(C) is a trivial chain complex.

⇒ H(C ⊗ C ′)
(ψ⊗ψ′)∗
−→ H(H(C)⊗H(C ′)) = H(C)⊗H(C ′)

Naturality follows as before. ¤

11. Universal Coefficient Theorem for Homology

In algebraic Künneth, let C ′n =

{
G , n = 0
0 , otherwise

}
, where G is R(PID)-mod.

Then Hq(C
′) =

{
G , q = 0
0 , q 6= 0

}
and (C ⊗ C ′)n = Cn ⊗G. Hence we have

U.C.T. : If C is free, then 0→ Hn(C)⊗G→ Hn(C⊗G)→ Tor(Hn−1(C), G)→
0 which splits (not canonical), where Hn(C ⊗ G) = Hn(C;G) homology with
coefficient G.

Note. For a proof for splitting, see the proof of algebraic Künneth :

0 // Z ′
i //

p²²

C ′ //

Want ψ=p·πxxrrrrrrrr B̄′ // 0

H(C ′)

but Hp(C
′) = Z ′p = 0 if p 6= 0 and for p = 0, Z ′0 = C ′0 = H0(C

′) = G.

Note 1. In particular, if C is a chain complex of free abelian group and
R, ∀ commutative ring with 1 (so abelian group), then 0 → Hn(C) ⊗ R →
Hn(C ⊗R)→ Hn−1(C) ∗R→ 0, where ⊗ = ⊗

Z
, i.e., abelian group tensor prod-

uct and ∗ = ∗
Z
,i.e., abelian group torsion product and hence if C = Sn(X) (or

Sn(X,A)), then 0→ Hn(X;Z)⊗R→ Hn(X;R)→ Tor(Hn−1(X;Z), R)→ 0

Note 2. A: abelian group and R : commutative ring with 1.
⇒ A⊗R has a canonical R-module structure given by r(a⊗ x) = a⊗ (rx)
R-module Sn(X;R) defined earlier is exactly Sn(X)⊗R.
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�� ����� 28. Compute H(P n;Z/2) using H(P n;Z) and compare. (Use U.C.T.)

�� ����� 29. R : PID ⇒ χ(X) = χ(X;R) (Use U.C.T.)

Note 3. If R is a field, then every R-module is free. Hence H(C) ⊗H(C ′) ∼=

H(C ⊗ C ′) (or Hn(C ⊗ C
′) ∼=

n

⊕
p=0

Hp(C) ⊗Hn−p(C
′)) and Hn(C) ⊗ G ∼= Hn(C ⊗

G) ,∀ vector space G.

Note (4) Let R be a field with ch(R)=0.
⇒ Hn(X;Z)

⊗
R ∼= Hn(X;R), since R is a torsion free abelian group and

hence Tor(Hn−1(X;Z), R) = 0.

Proposition Let B be a torsion free abelian group. Then B ∗ A = 0.
Sketch of proof
Note that any R-module is a direct limit of its finitely generated submodule.
And finitely generated torsion free is free if R is a P.I.D.(Structure theorem).
Now tensor product commutes with direct limit(easy exercise).
⇒ ∗ commutes with direct limit.
⇒ Tor(C,A) = 0 if C is a torsion free R-module with R: P.I.D.

12. Eilenberg-Zilber Theorem
S(X × Y ) and S(X)

⊗
S(Y ) are naturally chain homotopy equivalent.

Hence H(X × Y ) ∼= H(S(X)
⊗

S(Y )).
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Proof Use Acyclic Model Theorem. Recall AMT.

Acyclic Model Theorem
Let F, F ′ : T → C be functors andM⊂ Ob(T ), where C is a category of chain
complexes.
Suppose

(1) F ′ is acyclic relative to M, i.e., F ′(M) is acyclic ∀M ∈M.

(2) F is free relative toM, i.e., ∀p,∃indexed family{Mα}α∈Jpand{iα}α∈Jp ,Mα ∈
M, iα ∈ Fp(Mα) such that the indexed family {F (σ)iα}α∈Jp , σ ∈ hom(Mα, X)
is a basis for Fp(X).
Then

(1) ∃ a natural transformation τ : F → F ′ which induces a given natural
transformation τ0 : H0(F )→ H0(F

′).

(2) Given two such natural transformations τ, τ
′

: F → F ′ with τ0 = τ
′

0, τ ' τ
′

Eilenberg-Zilber Situation
Let T be the category of pairs (X,Y ) of topological spaces.
Consider F : T → C, F (X,Y ) = S(X × Y ) and F

′

: T → C, F
′

(X,Y ) =
S(X)

⊗
S(Y ).

⇒ These are clearly functors :

(X,Y ) //

(f,g) ²²

S(X × Y )

F (f,g)=(f×g)]²²

S(X)
⊗

S(Y )

F
′
(f,g)=f]⊗g]=

n⊕
p=0

f]p⊗g]n−p²²

(X
′

, Y
′

) // S(X
′

× Y
′

) S(X
′

)
⊗

S(Y
′

)

Let M = {(4p,4q), p, q ≥ 0}, where 4p is a standard p-simplex.
(1) F, F

′

are both acyclic relative to M :
That F is acyclic relative to M is clear since 4p ×4q is contractible.

Consider F
′

.

Hn(S(X)
⊗

S(Y )) ∼=
n⊕
p=0

Hp(X)
⊗

Hn−p(Y )
⊕ n−1⊕

p=0

Tor(Hp(X), Hn−p−1(Y )) ���
	�


X = 4p, Y = 4q ����� ����  . ���������� H̃(4p) = 0 = H̃(4q) !�" ��
H0(S(X)

⊗
S(Y )) ∼= H0(X)

⊗
H0(Y ) ∼= R

⊗
R = R !�"$#&% n > 0 ')( n ���+*-,/.10	�
324 5 Hn(S(X)

⊗
S(Y )) = 0 !�"76  .

(2) F is free relative to M :
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For each n, choose (4n,4n) ∈ M and dn ∈ Sn(4
n ×4n), where dn : 4n →

4n ×4n is the diagonal map : t 7→ (t, t).
Now for each (f, g) ∈ hom((4n,4n), (X,Y )), {F (f, g)dn} form a basis for
Sn(X×Y ) since Y

∀σ : 4n

σY
66nnnnnnn

//

σX ((PPPPPPP X × Y
PY

OO

PX²²
X

can be written uniquely as σ = (σX , σY ) =

(σX × σY ) ◦ dn.

(3) F
′

is free relative to M :
For each n, choose (4p,4q) ∈M with p+q = n and ip⊗iq ∈ (S(4p)

⊗
S(4q))n =⊕

i+j=n

Si(4
p)
⊗

Sj(4
q), where ip = id. : 4p →4p.

For each (σ, τ) ∈ hom((4p,4q), (X,Y )),
{F

′

(σ, τ)(ip ⊗ iq)} form a basis for (S(X)
⊗

S(Y ))n( note that F
′

(σ, τ)(ip ⊗
iq) = σ] ⊗ τ](ip ⊗ iq) = σ](ip) ⊗ τ](iq) = σ ◦ ip ⊗ τ ◦ iq = σ ⊗ τ) since
{σ ⊗ τ |σ ∈ Sp(X), τ ∈ Sq(Y )} form a basis for Sp(X)

⊗
Sq(Y ) and hence

{σ ⊗ τ |σ ∈ Sp(X), τ ∈ Sq(Y ), p+ q = n} form a basis for (S(X)
⊗

S(Y ))n.

Proof of Eilenberg-Zilber theorem
Let τ0 : H0(F )(= H0(X × Y )) ↔ H0(F

′

)(= H0(X)
⊗

H0(Y )) be a natural
transformation(isomorphism) determined by path components, i.e., if C,D
are path-components of X,Y , respectively, then C × D is a path component
of X × Y and H0(C ×D)

τ0↔ H0(C)
⊗

H0(D).
AMT ⇒ τ0 gives rise to a natural chain homotopy equivalence.

�� ����� 30 (29.14) Compute H(P2 × S3) 6= H(P3 × S2) and show π∗(P2 × S3) ∼=
π∗(P3 × S2).

�� ����� 31 (29.15) Compare S2 × S4 and CP 3. They both have same homology
but π4 are different.
(If necessary, use the following fibration and the corresponding long exact se-
quence of homotopy groups : S1 → S7 → CP 3 ⇒ · · · → πk(S

1) → πk(S
7) →

πk(CP 3)→ πk−1(S
1)→ · · · )

�� ����� 32 (29.11.2) χ(X × Y ) = χ(X)χ(Y ).
(Use the Poincaré series of X = fX(t) := β0 + β1t+ · · ·+ βnt

n and notice that
χ(X) = fX(−1).)
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13. Homology cross product

0 // (H(X)
⊗
H(Y ))n

i //

++VVVVVVV
Hn(X × Y ) // (H(X) ∗H(Y ))n−1

// 0 {x} ⊗ {y}
´

((QQQQ
Q

Â // {x} × {y}

Hn(S(X)
⊗
S(Y ))

33hhhhhhh
{x⊗ y}

_
OO

Note φ : S(X)
⊗

S(Y ) → S(Y )
⊗

S(X) given by φ(x ⊗ y) = (−1)pqy ⊗ x is
a natural chain map.
p∵ φ(∂(x⊗y)) = φ(∂x⊗y+(−1)px⊗∂y) = (−1)(p−1)qy⊗∂x+(−1)p(−1)p(q−1)∂y⊗
x = ∂(φ(x⊗ y))y

⇒ S(X × Y )
T] //

'f1 ²²

S(Y ×X)

'f2 ²²

, T : X × Y → Y ×X T (x, y) = (y, x)

S(X)
⊗

S(Y ) '

φ
// S(Y )

⊗
S(X)

All the maps a natural chain transformations.
By the AMT, T] ' ”f−1

2 ” ◦ φ ◦ f1.
⇒ T∗(ξ × η) = (−1)pq(η × ξ), ξ ∈ Hp(X), η ∈ Hq(Y ).

14. Alexander-Whitney diagonal approximation
We can give a specific chain map( and hence a chain homotopy equivalence.)

A : S(X × Y )→ S(X)
⊗

S(Y ) given by ∀ω ∈ Sn(X × Y ), ω = (σ, τ),

A(ω) =
n⊕
p=0

σλp ⊗ τρn−p ∈ (S(X)
⊗

S(Y ))n.

(1) A is natural : only to check the commutativity of the following diagram.

Sn(X × Y )

©

A //

(f×g)] ²²

(S(X)
⊗

S(Y ))n =
⊕

Sp(X)
⊗

Sn−p(Y )

f]⊗g]=⊕f]p⊗g]n−p²²

Sn(X
′ × Y ′) A // (S(X ′)

⊗
S(Y ′))n =

⊕
Sp(X

′)
⊗

Sn−p(Y
′)

Just note f](σλp) = (f]σ)λp ⇒!.

(2) A is a chain map, i.e., ∂A = A∂ :
(Proof is essentially same as the proof of derivation property of cup product.)

∴ Eilenberg-Zilber Theorem ⇒ A∗ : H∗(X × Y )
∼=
→ H∗(S(X)

⊗
S(Y ))

15. Relative Künneth formula
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Künneth formula for (X,A)× (Y,B)

Lemma (Relative Eilenberg-Zilber Theorem)
Suppose {X ×B,A× Y } : excisive couple in X × Y . Then
S(X × Y )/S(X ×B ∪ A× Y ) ' S(X)/S(A)

⊗
S(Y )/S(B) naturally.

Note that S(X × Y )/S(X ×B ∪A× Y ) := S((X,A)× (Y,B)), S(X)/S(A) =
S(X,A) and S(Y )/S(B) = S(Y,B).

(Recall {A,B} is excisive couple if S(A) + S(B)
i
↪→
'
S(A ∪B).)

Proof
Excisive ⇒ S(X ×B) + S(A× Y )

'
↪→ S(X ×B ∪ A× Y )

⇒ S(X×Y )/(S(X×B)+S(A×Y ))
'
↪→ S(X×Y )/S(X×B∪A×Y ) naturally.

S(A)
⊗

S(Y )→
'
S(A× Y )

∩ ∩
EZ ⇒ S(X)

⊗
S(Y )→

'
S(X × Y ) naturally.

∪ ∪
S(X)

⊗
S(B)→

'
S(X ×B)

⇒

S(X × Y )/(S(X ×B) + S(A× Y ))

' ²²

S(X)
⊗

S(Y )/(S(X)
⊗

S(B) + S(A)
⊗

S(Y ))'
oo

∼=(∗) ²²

S(X × Y )/S(X ×B ∪ A× Y ) S(X)/S(A)
⊗

S(Y )/S(B)

(∗) follows from the general fact that(X
⊗

Y )/(X
⊗

B+A
⊗

Y )
∼=
→ X/A

⊗
Y/B.

Indeed ∼= is induced from canonical map X × Y → X/A
⊗

Y/B(cf 1.(3)).

From the lemma, we have the following relative Künneth formula.

Let R be a P.I.D. Then
0 → (H(X,A)

⊗
H(Y,B))n → Hn((X,A) × (Y,B)) → (H(X,A) ∗

H(Y,B))n−1 → 0
, a natural short exact sequence which splits.
By definition, Hn((X,A)× (Y,B)) = Hn(X × Y,X ×B ∪ A× Y )
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